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Abstract. Let Mx(2;0, 3) be the moduli space of rank-2 stable vector bundles with 
Chern classes ci = 0, C2 = 3 on the Fano threefold X, the double solid P'^ of index two. 
We prove that the vector bundles obtained by Serre's construction from smooth elliptic 
quintic curves on X form an open part of an irreducible component M of Mx(2;0, 3) 
and that the Abel-Jacobi map : M — > J{X) into the intermediate Jacobian J{X) of 
X defined by the second Chern class is generically finite of degree 84 onto a translate 
+ const of the theta-divisor. We also prove that the family of elliptic quintics on a 
general X is irreducible and of dimension 10. 



0. Introduction 

After the famous paper of Clemens and Griffiths [CGj . in which they determined the 
intermediate Jacobian and its theta divisor for the cubic threefold, the next Fano threefold 

to study was naturally the quartic double solid, that is the double cover vr : 
ramified in a quartic surface W C P^. In 1981, Welters [We] found a family of curves 
parametrizing the intermediate Jacobian J(X2), the septics of genus 4, and this is the sim- 
plest known family of generically irreducible curves with this property. He developed also 
techniques that allow one to decide whether the Abel-Jacobi images of certain families of 
curves lie in a translate G + const of the theta divisor, but failed to find one parametrizing 
the whole of B + const. Such a family was found in 1986 (with a use of the techniques 
of Welters) by Tikhomirov |T-2j : these are the sextics of genus 3, or the so called Reye 
sextics. In 1991, Clemens |C-2] reproved Tikhomirov's result by degenerating the double 
solid into a pair of P^'s meeting each other transversely along a quadric, a technique he 
developed earlier in [C-lj . Several other papers have contributed, since 1981, to the study 
of quartic double solids: [EI], [5V]. [De]. [yj. jli]. 

In 2001, Tikhomirov [T-3j found a new and simpler parametrization of 6, the one by 
the family of elliptic quintics C5 (X) . Its advantage is that the elliptic quintics define stable 
vector bundles on X via Serre's construction, and the Abel-Jacobi map factors through 
the moduli space of vector bundles. 

The study of moduli spaces of stable vector bundles on Fano threefolds of indices 1 
and 2 is quite a recent topic. Recall that the index of a Fano threefold X is the maximal 
integer u dividing Kx in the Picard group of X. The cubic X3 and the quartic double 
solid X2 are Fano of index 2. The nature of the results obtained depends strongly on 
the index. In the index-2 case, the answers are given in terms of the Abel-Jacobi map 
defined by the second Chern class C2 modulo rational equivalence. In the index- 1 case, 
the Abel-Jacobi map does not bring much new information about the moduli spaces. 

The results known so far include the desciption of one component of a moduli space 
Mx(2; ci, C2) of rank-2 vector bundles with ci = or 1 and small C2 on each one of the 
following five Fano threefolds: the cubic X3 |MT-lj . pFT] . jPr] . [B], the quartic pF2] . 
the Fano threefolds X2c,_2 of the main series of genus 7 |IM-3] and 9 [IR] , and the double 
solid X2 , treated in the present paper and in |T-3] . It is noteworthy that in most cases the 
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interesting components of moduli are those parametrizing the vector bundles obtained by 
Serre's construction from elliptic quintics. For the cubic X3, the relevant moduli space is 
Mx3(2;0,2), and the Abel-Jacobi map identifies it with an open set in the intermediate 
Jacobian J^X^). For the double solid, the corresponding moduh space Mx(2;0,3) is 
reducible: it has at least two components, one of which, say M, is associated to elliptic 
quintics, and the other to disjoint unions of two elliptic curves in X whose images in F'^ 
are a plane cubic and a line. Leaving apart the question whether there are any other 
components, we restrict ourselves to the study of M. 

The main result of this paper states that the Abel-Jacobi map $ sends the family of 
elliptic quintics Cl{X) onto an open subset of 6 + const, and that the Serre construction 

defines a factorization Cl{X) ^°™> M G + const with g generically finite of degree 
84 (Theorems 12.71 and 15.11) . We also prove the irreducibility of Cl{X) (Theorem 11.41) . so 
that M is really an irreducible component of the moduli space, rather than a union of 
components. The facts that the image of $ is dense in G + const and that g is generically 
finite were stated in |T-3] . so the main goal of our paper is to determine the degree of 
g. Nonetheless, we provide a complete proof of these facts too, for their proof was only 
sketched in loc. cit. 

We use Welters' criterion (Proposition 12. 4p which gives sufficient conditions for a certain 
subfamily {Ct}t£Ti of a given family {Ctjig^ of curves of degree k{k + 1) — 3 to be mapped 
by the Abel-Jacobi map into a translate of the theta divisor. Here / is a line in X and 

Ti = {t E T \ Ct n I = and Ct U / lies on a surface from |Cx(^)|}, 

where Ox{k) := TT*Ops{k). We construct such a family T with = 4 as a partial 
compactification of the family of reducible curves C = Ci U C2, where Ci is a genus-4 
septic, C2 the pullback of a genus 2 quintic CI2 Ci,C2 meet each other quasi- 

transversely in 13 points. We show that Ti contains a subfamily of curves of the form 
C U C" U C2 such that C G Cl{X) and C" = 7r-i(m), where m C is a trisecant of 
7r(C"), whose Abel-Jacobi images differ from those of C by a constant translation. Hence 
^cl{x)i^li^)) <^ ^TiiTi) + const C G -|- const. The opposite inclusion follows from the 
computation of the differential of the Abel-Jacobi map. The generic fiber of $ci(x) is 
a union of u copies of P^, which can be interpreted either as pencils of elliptic quintics 
{Cx}x^pi in the K3 surfaces S{C\) from the linear system |Ox(2)|, or as pencils of the 
zero loci of sections s G H^{X,S), where S is the vector bundle obtained by Serre's 
construction from C\. 

To compute the number u of copies of in the generic fiber of ^c}{x)j "we use the 
degeneration {Xt}teA of X into the union Xo = P3'UP3" of two copies of P^ meeting each 
other in a smooth quadric Q = {G = 0}, where A is a disc in C. The fiber Xt is defined 

as the double cover ttj : Xt ^ P3 ramified in Wt = {tF + = 0}, where W = {F = 0} 
is the branch locus of X — >-P^. The Hodge theory and the Neron model of the relative 
intermediate Jacobian of such a degeneration were studied by Clemens in |C-lj . He made 
also the following important observation: let Gq G Xq be an irreducible curve of degree 
d which is the limit of a family of curves Gg C Xt, t = s'^. Assume that Gg for s 7^ is 
projected birationally onto its image CgCF^; this means that C_g is tangent to Wt in 2d 
points. Then Gq is a 2(i-secant to the octic curve B = W (1 Q. Thus the limits of elliptic 
quintics from Cl{Xt) are elliptic quintics in P^ or P'^ which are 10-secant to B. The 
work of Clemens allows us to extend the Abel-Jacobi map to such curves in Xq and the 
question on the number of copies of P^ in the generic fiber of the Abel-Jacobi map $0 at 
t = is reduced to that on the number of elliptic quintics in P^ which are 10-secant to a 
given octic B. 
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By a result of Getzler ^Gej . there are 42 elliptic quintics passing through 10 generic 
points in P^. We show that the 10-uples of points lying in the smooth complete inter- 
sections of a quartic and a quadric in form a divisor in the main component 7i of 
Hilb^°(P^) and that this divisor is not contained in the branch locus of the 42-sheeted 
covering defined by the elliptic quintics, hence there are 2 ■ 42 = 84 copies of P^ in the 
generic fiber of $o (42 copies in each one of the two P^'s constituting Xq). We show also 
that the elliptic quintics, 10-secant to B, are acquired with multiplicity 1 in the relative 
Hilbert scheme of the family {Xt}t^^, hence the number of copies of P^ in the fiber of $t 
is invariant under the deformation and u = 84. 

To this end, we show that the family of 10-secant elliptic quintics to a given generic 
B is irreducible and construct a family {Ct}t£A of cycles of 5 lines, or pentagons in Xt, 
such that Co is 10-secant to B and is strongly smoothable into an elliptic quintic in Xq, 
10-secant to B. This implies that a generic 10-secant elliptic quintic in Xq admits a local 
cross-section passing through it in the relative Hilbert scheme of {Xt}teA, hence the fiber 
over t = is acquired with multiplicity 1. 

We now describe the contents of the paper by sections. 

The main result of Section 1 is the proof of the irreducibility of the family of elliptic 
quintics Cl{X). We start by proving the irreducibility of the families C2{X) of conies 
and C^{X) of twisted cubics. The proofs are based on the splitting of the curves under 
consideration into two components of smaller degrees. As concerns elliptic quintics, we 
split them into a twisted cubic and an "elliptic conic", that is, 7i~^{m) for a line m C 
P^. As soon as the irreducibility of the family of split curves is established, we get a 
distinguished component of Cl{X), namely the one containing the smoothings of the 
split curves. Then we use the irreducibility of the monodromy action on the set of all the 
components of Cl{X) to deduce that the number of components is 1. 

In Section 2 we prove the irreducibility of the family C^{X) of genus-4 septics in X, 
which dominate J{X) according to Welters, and construct the above mentioned family 
T of curves of degree k{k + 1) — 3 = 17 for = 4, to which the criterion of Welters is 
applied. We conclude by the proof of Theorem \2.7\ stating that the Abel- Jacobi image of 
the elliptic quintics is a translate of G. 

In Section 3 we explain the Clemens' degeneration technique and describe the limiting 
Abel- Jacobi map $o on the degenerate double solid, which consists of two copies of P'^. 
We also show that the central fiber in the domain of the Abel- Jacobi map is reduced 
by studying the deformations of 10-secant pentagons. This implies that the number of 
connected components in the generic fiber of $t is the same as for $o- 

In Section 4 we prove that the number of elliptic quintics in P^ passing through 10 
generic points remains unchanged if we specialize the 10-uple of points to a 10-uple lying 
on a generic complete intersection of a quadric and a quartic. This implies that the 
number of connected components in the generic fiber of $o is 84. 

In Section 5 we introduce the Serre construction and reformulate the main theorem in 
terms of moduli of vector bundles. 

Acknowledgements. The authors thank the referee, whose remarks helped them to 
improve the presentation. 

1. CONICS, TWISTED CUBICS AND ELLIPTIC QUINTICS ON X 

1.1. Notation. 

• X, a. general quartic double sohd, X C Y = Proj((9p3 © (9p3(2)), where C = 
Cy/P3(l) (see [13] or [We] l 

• p : Y — 7T = p\x '■ X — >P^, the natural maps. 
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• T = the Fano surface of X, that is the base of the family of hnes on X. 

• C2 = C2{X) C Hilb(X), the base of the family of smooth conies in X. 

• Cl{X) := {C e Hilb(X) I C = I G ^(1, 3)}; we call the curves from Cl{X) 
elliptic conies on X. 

• C0(P3), C° = C°(X), resp. Cl{Y), the base of the family of twisted cubics in P^, 
X, resp. Y. 

• C5(P^), C5 = Cl{X)), resp. Cl{y), the base of the family of elliptic quintics in P'^, 
X, resp. Y. 

A line (resp. conic, twisted cubic, elliptic quintic) in Y is, by definition, a curve C C Y 
such that p\c is an isomorphism onto a line (resp. conic, rational twisted cubic, elliptic 
quintic) Cq = p{C) C P'^. In general, we use the notation C|(X) for the base of a family 
of curves of degree d and genus g on X, the degree on X being defined with respect to 
the ample sheaf OxiX) '■= 7r*(9p3(l). 

The main result of this section is the irreducibility of the family of elliptic quintics on 
X (Theorem 11.41) . First we need to prove that the families C2{X) and C^{X) of conies 
and, respectively, twisted cubics on X are irreducible. 

1.2. Conies. First recall the well known facts about lines on a general X (see, e.g., |T-1] . 

m)- 

Lemma 1.1. Let X be a general quartic double solid. Then the following assertions hold: 
(i) The Fano surface T = J^{X) of lines on X is an irreducible surface having at 

most isolated quadratic points as singularities, and the incidence divisor Djr = {{hyh) G 

JF X JF I Zi n ^2 7^ 0} on J-" X is irreducible. 

(a) For a general line I G J^{X), the normal bundle Ni/x is isomorphic to 20pi. 

Next we will prove the following statement: 

Lemma 1.2. Let X be a general quartic double solid. Then: 

(i) C2{X) is irreducible of dimension 4. 

(ii) For a general conic C G C2{X), the normal bundle Nq/x is isomorphic either to 
20pi(l) or to Cpi © Opi(2). 

Proof, (i) Let C P^ be the dual surface of the quartic W and consider the morphism 

V : C2{X) — > : C ^ Span(7r(C)). Then v^^{Y) for a plane F G P^ consists of all conies 
on the surface Sy = 7r^^(y). UYeU := P'^ \ W, then Sy is a smooth del Pezzo surface 
and for any conic C G C2{X) lying on Sy one easily checks that the family of conies in Sy 
containing C is a pencil containing 6 reducible conies. These reducible conies, considered 
as pairs of lines, when C runs through the open subset C2*{X) := v~^{U) of C2{X), 
constitute the subset of dimension 3, which is a dense open subset of Djr since Djr is 
irreducible of dimension 3 by Lemma II. 1[ Thus we have a map ip : D'^ —>■ C2* {X) which 
is 2:1 onto Di = il>{D*j:). Moreover, the map v factors as v : C2*{X) ^ C ^ U such that 
the maps V2 and fi|-Di are quasifinite and surjective, deg(fi|Di) = 6 and ^(c) ~ P^ for 
c G C. Thus since D*jr is irreducible, it follows that C2*{X) is irreducible of dimension 4. 

Now take Y G W ^ so that F is a tangent projective plane to W at some point x\ 

Y = PT^W. Since is a general quartic in P'^ for a general X, the set Ty of points x such 
that Y = PTxW is finite (generically it is a unique point). Assume that dimf~^(y) > 2. 
Since vr : S'y y is a finite morphism, the map v : v^^(Y) \Oy{2)\ : C ^— > tt{C) is 
quasifinite, hence dimV(Y) > 2, where ViY) := v{v-\Y)). Let ViiY) = {C e V{Y)\C 3 
X for some x G Ty}. If dimVi(y) > 2, then some point x G Ty belongs to at least a 
1-dimensional family of reducible conies from Vi(y), i.e. there is a 1-dimensional family of 
lines through x in Y , each of which is a double tangent to the quartic curve flF, which 
is impossible when W is general. Hence dimVi(y) < 1, so that dimu~^(y)' > 2, where 
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v-\Yy = v-\Y) \v-\Vi{Y)). Now for any conic C G ir^Y)' the surface Sy = 7^'\Y) 
is smooth along C, so that, as above, the conic C varies in a pencil of conies on Sy, 
contrary to the above inequality dime f > 2. Hence dimf^^(y) < 1 for F G W, 

and so dimv~^{W) < 3. Now, by Riemann-Roch xi^c/x) = 4 for any conic C G C2{X), 
hence by deformation theory dimcC2(^) and the inequality dimf~^(Vi^) < 3 implies that 
v-^{W) is not a component of C^(X). Since by construction C^{X) = C^*{X) U v-^{W), 
the irreducibility of C2{X) follows. 

(ii) Let (/i,/2) G -DjF be generic. Then li meets I2 quasi-transversely (that is, with 
different tangents) at some point a; G X and, by Lemma [LT| Ni./x — 2(9pi. Let C = /1U/2. 
We have the exact triples — > Ni./x Nc/x\k C^- ^ 0, i = 1, 2, so that Nc/x\k — 
C»pi©C»pi(l), z = 1,2, and the exact triple ^ Nc/x ^ Nc/x\k®Nc/x\k Nc/x\x 
0, Nc/x\x ^ Cl, implies that h^iNc/x) = 0. Also, the equality Nc/x\h = Cpi © Opi (1), 
and the exact triple — > Nc/x\hi—x) — > Nc/x Nc/x\h 0, in which R is the 
usual restriction map, imply the surjectivity of the map H^R : H^{Nc/x) — > H'^iNc/xlh)- 

Hence the composition r^. : H^{Nc/x) ^ ^> H^{Xc/x\h) ^ H'^{Cx) is surjective. 
Hence the equality h^{Nc/x) = and [HHt Prop. 1.1] imply that the conic C = h U I2 is 

strongly smoothable in X, that is there exists an analytic family n : S ^ X x A A 
over the disk A such that 5 is a smooth complex surface, vr is a flat morphism, 7r^^(0) = C 
and Ct = i{TT~^{t)) ^ vr~^(i(:) is a smooth conic in X for any t G A \ {0}. Hence we can 
take a section s : A S,t yt, of n such that yo x,yo G h. It follows now from 
the above description of Nc/x\h and the exact triple Nc/x\h{—x) Nc/x{—yo) 
Xc/x\h{—yo) that h^{Nc/x){—yo) = 0, so that by semicontinuity (possibly after 
shrinking A) we obtain h^{Nct/x){~yt) = for t G A \ {0}. Combining this with the 
observation that det{Nct/x) — Of.i{2) for t G A\{0}, we see that (ii) holds for a general 
conic. □ 

1.3. Twisted cubics. 

Lemma 1.3. Let X he a general quartic double solid. Then the following assertions hold: 

(i) C^iX) is irreducible of dimension 6. 

(ii) For a general smooth cubic C G C'^{X), the normal bundle Nc/x is isomorphic to 
Opi{k) © Cpi(4 -k), 0<k<A. 

Proof. The proof is similar to that of Lemma ll.2[ Let us start by proving (ii). Using 
Lemmas II. II and II. 21 pick a general line I G J-' and a conic C G C2{X) meeting each other 
quasi-transversely in a unique point x and such that Ni/x — 2Cpi, Nc/x — C'pi(fc) © 
(9pi(2 — k), < k < 1. Let C = I U C . Then we have the exact sequences — > Ni/x 

Nc/x\l ^ C,. 0, Nc/x Nc/x\C' ^ C,. ^ 0. Hence Nc/x\C' ~ O^a) © 
Cpi(6), < a < 6, a + 6 = 3, and the exact triple Nc/x Nc/x\l © Nc/x\C' 
Nc/x\x — * 0, Nc/x\x — Cl, implies that h^{Nc/x) = 0. As in the proof of Lemma [L2] 
(ii) with (/, C) in place of (/i, I2), we obtain the wanted assertion for a generic cubic from 
any irreducible component of C3 (X) which contains smoothings of a generic decomposable 
curve. Let us show that there is only one such component. 

By |Wej . Corollary (5.4), the curve Di G of lines in X meeting a given generic line 
/ is irreducible and is a 6-sheeted covering of /, because there are 6 lines passing through 
the generic point of X. So, if we take a generic reducible conic C = h + I2 C X , then 
the curve Dc of lines meeting C is a 6-sheeted covering of C, which is irreducible as a 
covering, that is there is no subcurve D' C Dc which is a (i-sheeted covering of C for 
some d < 6. The irreducibility of a covering is stable under small deformations, so we can 
conclude that Dc stays irreducible when we deform C into a smooth conic. The family of 
conies in X being irreducible, the incidence variety V of pairs (/, C) G x such that 
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/ n C" 7^ is irreducible. By the above, Z + C" is a smooth point of Hilb(X) for generic 
(Z, C") G T>, so there is only one component C^*{X) of C^{X) containing the smoothings 
of the curves I + C for generic {I, C) G V. 

Now we can prove the assertion (i) which implies, in particular, that C^*{X) is the 
whole of C^{X) and hence (ii) is verified for a generic cubic C from C^{X). 

We have dim C^*{X) = 6, and any irreducible component Cg (X) of C^{X) has dimension 
at least xi^c/x) = 6. 

Let X "-^ F X P^^ be the total space of the linear system £^ on Y and F <^ X P^^ 
the natural projections. Let U = {t e F'^^ \ Xt = p{q~^{t)) is smooth}. Any C G C^{Xt) 
for t G f/ is projected by p to a twisted cubic Cq C P'^. Clearly, (Ops © Op3{2))\co — 
Opi © (9pi(6) for any Co G C^{F^). Hence there exists a rank-8 vector bundle E over 
C^(P3) with fiber E^Co} = H^iO^i © Cpi(6)) over Cq G C^(P^), and C^(F) is a dense open 
subset of Proj(i?) such that the natural projection C^(Y) — > C3(P^), C i-^ p{C), coincides 
with the composition C^{Y) ^ Proj(-E) C^(P'^), where pr is the structure morphism. 
C^{F^) being irreducible, C^{Y) is irreducible too and, since dimC3(P^) = 12, we obtain 
dimC^(y) = 19. 

Consider the incidence variety F = {(t, C) G f/ x C°(r) | C c XJ, U ^C^{Y). 

We have p^^(C) = Un \Ic/y ® C^^\ \Ic/y ®C^^\. Any Co G C^(P=^) has the following 
resolution of its structure sheaf: 2(9p3(— 3) 3(9p3(— 2) Ops Oco ^ 0. 
Hence the twisted ideal sheaf Tc/y ® '^^^ of any C G C^(Y) has a resolution of the form 
^ 2C{-3h) 3C{-2h) © 2C'»^{-3h) ^ £ © 3£®2(_2/i) ^ j^/^ ® ^ q_ ^^^gy 
computation gives \Ic/y ® -^^^l = P^^- Hence F is an irreducible variety of dimension 
51. As : F — > ?7 is dominant and dimU = 45, all the irreducible components of 
Pi^{t) = C^{Xt), t G U, are generically of dimension 6. There is a distinguished one, 
C^(Xt) nC^*(Xt), so by the irreducibility of F and f/, Cl{Xt) = Cl*{Xt). □ 

1.4. Elliptic quintics. The following theorem is the main result of Section [H 

Theorem 1.4. Let X be general. Then Cl{X) is irreducible and of dimension 10. 

Proof. The proof is similar to that of Lemma II. 3[ 

Pick a general cubic Ci G Cg and a smooth elliptic conic C2 G C2{X) meeting each other 
quasi-transversely at a unique point x and such that Nq^jx — Ovi{k) © Cpi(4 — fc), < 
k<2, Nc^ix ^ 20c^{x + y), {x, y] = n-^{n{x)). Let C = Ci U C2. Then we have the 
exact sequences — > N^/x Nc/x\Ci Cx 0, i = 1,2. Repeating the arguments 
from the proof of Lemma 11.31 we see that there exists a unique irreducible component 
Cl*{X) of Hilb(X) which contains the generic reducible curve C = Ci UC2 as above. From 
the values of h\Afc/x), we see that dimC5*(X) = 10 and dimCg (X) > 10 for any other 
irreducible component Cl' (X) of C5(X). 

For t & U any quintic C G Cl{Xt) is projected by p to an elliptic quintic Cq C P'^. It 
is well known that C5(P^) is irreducible of dimension 20 |Huj . Arguing as in the proof of 
Lemma [1.31 we obtain that there exists a rank-11 vector bundle E over Cl{F^) with fiber 
E{c^} = H'^iiOps © Cp3(2))|c7o) over Cq G Cl(F^), and Cl{Y) is a dense open subset of 
Proj(-E) such that the natural projection Cl(Y) CliF^), C p(C*), coincides with the 
composition Cl{Y) Proj(i?) C5(P'^), where pr is the structure morphism. Hence 
Cl{Y) is irreducible and dimC5(F) = 30. 

Consider the incidence variety F = {(t,C) e U x Cl{Y) \ C C Xj, U ^ T ^ 

Cl{Y). We have P2\C) = U n \Ic/y ® C^'^l \Ic/y C^'^l- Now take any quintic 
C G Cl(Y). Let pc = p\c '■ C Co the natural isomorphic projection of C onto 
a quintic Cq G Cl{F^). We have py*(£®2 ^ ^ Op3{4:)\Co. Consider the standard 
exact triple ^ Ic/y ® ^C®^ ^ £®2 £^ ^ ^ g. Applying p*, we obtain the 
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following one: Py*1c/y ® J^^^ ^ 0^3 © Ops (2) © Ops (4) ^ Op3(4)|Co ^ 0. Here 
the map eo|C'p3(4) : Ops (4) — > Ops (4) | Co coincides with the restriction map in the triple 
— > Xc'(, p3(4) Ops (4) Ops(4)|Co — * 0. Hence, by the above triples, the equality 
h^(lc/Y ® = is a consequence of h^iXcQ^ps^i)) = 0. To prove the latter, take two 
general cubic surfaces ^i, 5*2 through Co such that the residual curve of their intersection 
is a smooth rational quartic Ci meeting Cq in a scheme Z of length 10. Then we have 
two exact triples ^ IcuCrA"^) ^ ^CoM"^) ^ C'ci(4)(-^) ^ 0, where Oci(4)(-Z) = 
Opi(6), and Op3(— 2) 20p3(l) Xc^yc^^ ps(4) — > 0. Their long cohomology exact 
sequences imply the vanishing of /;,^(Tc(, ps(4)) = 0. Hence h^{Ic/Y ® = 26 and 

|Xc/y = P^^. The remaining part of the proof is the same as in Lemma [1.3[ □ 

In Section [21 we will use the following result which can be easily proved by the techniques 
of [HH] . 

Lemma 1.5. Let X be general so that Cl{X) is irreducible and let Cl{X) be the closure 
of Cl{X) in Hilb(X). Then there exists a strongly smoothable reduced nodal curve Co € 
Cl{X) of the form Cq = /i U ... U /s, li & J^, i = 1, 5, such that its only singularities 
are the 5 distinct points Oi = /i fl I2, 02 = ^2 H ^3, 03 = /s fl I4, 04 = ^4 fl /i, 05 = /i fl l^, 
andNi^,x = 20i^, ^ = 1, 5, iVco/x|/i ^ 0,^(1) © 0^,(2), iVco/x|/. ^ 20J1), 2<i< 
4, Nc,/x\h^Oi,®OuXl). 

2. The Abel-Jacobi map of the family of elliptic quintics 

In this section we will study the Abel-Jacobi maps of three families of curves on a general 
double solid X: genus-4 septics C|(A), elliptic quintics C|(A) and a certain family T of 
reducible curves of degree 17 and arithmetic genus 29 which will set a connection between 
the two other families. 

2.1. Notation. We will use the following symbols, in addition to those introduced in ll.lt 

• C7(P^) C Hilb(P^), the base of the family of smooth irreducible septics of genus 4 
in P3. 

• C|(X) (resp. C|(F)), the base of the family of septics of genus 4 in X (resp. Y) 
which are mapped by p isomorphically onto a curve from C^{¥^). 

• CfiX), the closure of C^{X) in Hilb(A). 

• Cj{X) := {C G C|(X) I C is a reduced curve with at worst ordinary double 
points}, a dense open subset of Cj{X) containing Cy(X). 

• C^C^^) := {C G Hilb(P^)| C is a reduced quintic curve of arithmetic genus 2 and 
bidegree (3,2) on a smooth quadric surface Q C P^}. 

• 7r*C|(p3) := {C G Hilb(A)| C = 7r-\C), C G C|(p3)}. 

• C(3 3)(P^) := {C G Hilb(P^)| C is a curve of bidegree (3,3) on a smooth quadric 
surface Q G (that is, C has arithmetic genus 4 and is a complete intersection 
of Q and a cubic surface)}. 

. 7r*C(3,3 )(P=^) := {C G Hilb(A)| C = n-\C), C G ^(3,3) (P=^)}. 

• Cl{X), the closure of Cl{X) in Hilb(X). 

• Cl{X) = {C G Cl{X) I C is a reduced curve with at most ordinary double points}, 
an open subset of Cl{X). 

• C5+2 := {C G Hilb(X) | C is a reduced curve of the form C = C U C", where 
C G Cl{X) ,C" G C^X) and C meets C" quasi-transversely in 3 points}. 

. C5+2 := {C U C" G C5+2 I C G CliX)} 

• $e '■ ^ J{^)i the Abel-Jacobi map of a given subvariety B of the Hilbert 
scheme of curves on X (defined uniquely up to a choice of a reference point in B). 
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2.2. Septics of genus 4. We are interested in the family of septics Cj{X) because of 
the following result of Welters |Wel 6.18]: 

Proposition 2.1. For X general, the Abel-Jacobi map $c4(x) • ^li^) ~^ ^■^ domi- 

nant. 

We begin with the following lemma. 

Lemma 2.2. Let X be a general quartic double solid. Then: 

(i) C5+2 is irreducible of dimension 21 and the natural projection p" : C5+2 
Cl lx), C U C" ^ C, IS surjective. 

(a) Let C5+2 be the closure 0/C5+2 ^5+2- There exists a strongly smoothable curve 
CqUCq G C5+2\C5+2 such that Cq = /1U...UZ5 G Cl{X)\Cl{X) is the curve from Lemma 
\1.5\ and Cq G C2(X) is a smooth elliptic conic such that Zh := CqPiCq = {61, 62, ^3}, bi ^ 
k, &2 e U, 63 G h, Zhf] Za = 0, where Za = SingCp. 

A * 

(Hi) The set Cl_^2 •= ^ ^5+2 I C is strongly smoothable} C C5+2 H Cj{X) is an 
irreducible dense open subset 0/C5+2 and the projection p" : C^_^2 ~^ C U C"' ^ C , 

is dominant. 

(iv) Let Cy*{X) be an irreducible component of C^iX) containing Q^g- Then 
dimCf (X) = 14 and C^*{X)^ = {C E C^*{X) \ C is smooth and 7r|C : C 
7r(C) is an isomorphism} is a nonempty open subset ofCj*{X). 

Proof, (i) B = tt{C') is an elliptic quintic in P'^. For any x E B, there are at most two 
trisecant lines of B passing through x, and the family Z of trisecant lines of B is an 
irreducible curve. To prove this, consider the projection tt^ with center x from B to P^. 
The image of S is a plane quartic of geometric genus 1, so we have the following two 
possibilities for its singular locus: 1) two singular points, each one of which is either a 
node, or a cusp, 2) one tacnode. The inverse image in i? of a singular point of TT-xiB) is 
a pair of points, say zi, Z2, and the line 'Z1Z2 is a trisecant of B, which meets B in three 
distinct points x,zi,Z2- Hence the family Z of trisecant lines of i? is a curve. To prove 
its irreducibility, consider the incidence curve D = {{z,l) E B x Z \ z E 1} in B x Z 
with its natural projections B ^ D ^ Z. The above argument shows that p is of degree 
2. To see that both D and Z are irreducible, it suffices to verify that p has at least one 
simple ramification point. The latter is easily done in the manner of [SRj . Chapter XII, 
by interpreting such ramification points as fixed points of an appropriate correspondence 
G <Z B X B and applying to G the Chasles-Cayley-Brill formula ((SRj, Chapter XII, 
Corollary 3.52); we leave the details to the reader. Now p"~^{C') is identified with a 
nonempty open subset of Z, so it is 1-dimensional and irreducible, which implies (i). 

(ii) Remark that, in Lemma [1.51 one can choose the curve Cq = /i U ... U in such a 
way that the lines rrii = 7r(/j), i = 2,4,5 in P^ are disjoint. Then it is obvious that a 
small (in the classical topology over C) smooth deformation C[ of Cq can be lifted to a 
small deformation C'^ U C" G C5+2 of Cq U Cq. By the strong smoothability of Cq (Lemma 
II. 5p . C := Cq U Cq G C5+2- To see that C is strongly smoothable, we consider the natural 
exact triples : (a) A^^ ^ Nc/x ^ Oz„ ^ 0, A^^ ^ A^^ ^ Nc,/x ^ 0, 
and (b) N, ^ Nc,/x ^ Oz, Q ^ N', ^ N, ^ Nc^/x ^ 0, where 
Ci := /i U /2 U /4 U C", N'^ := {Nc/x\h U h){-Za), K := {Nc/x\C'q){-Z,). Then the 
strong smoothability of C will follow from the equalities h^{Na) = 0, h-^lNh) = 0. To 
prove the first of them, one deduces from Lemma [1.51 that A^^ = 20i.^{—l) © 20i^_^{—l). 
Then the exact triples ^ 20i^i-l) © 20^(-l) ^ Nc,/x iVci/x|C^' © 2Cz/(l) ^ 
0, — >• Nc"/x ~^ Nci/x\Cq — >■ Cfcj ©Cfej — s> together with the second triple in (b) give 
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To prove that h^{Ni,) = 0, we include A^"^ into the series of exact triples following from 
the construction of C: ^ A^i ^ iV^ ^ Oi^ © 0, ^ 20^3 (-1) ^ 

N,-^N2-^0, ^ iVa ^ ^ Oi, © Oi,{l) ^0, ^ (B Oi,{-l) ^ ^ 
Oi^ © Oi^{—l) — > 0. As Cq = Ti^^{m), where m denotes a line in P^, one immediately 
verifies that h^{Nci^>/x) = 0. This together with the second triple in (b) gives h^{Ni,) = 0. 

(iii) follows from (i) and (ii) since the strong smoothability is an open condition in C5+2. 

(iv) Let C = Cq U Cg e C5+2 \ C5+2 from (ii) above. From the above exact sequences, 
one immediately obtains h\Nc/x) = 0, h^{Nc/x) = 14, hence dimC^*(X) = 14. Next, 
consider C as the union C = C3 U C4, where C3 := /s U Cq and C4 := h U I2 U I3 U U. 
One easily verifies that C3 is strongly smoothable and dimjc-g} Hilb(X) = 6. Thus there 
exists a unique 6-dimensional irreducible component Cl*{X) of Hilb(X) containing C3. 
Denote R = {C G Cl*{X) \ C is reducible of the form C = lU 7r~^(m), where / is a line 
in X and m is a line in P^}. By construction, C3 € R. It follows easily that: a) for 
any C G Cl*{X) \ R, tt\C : C tt{C) is an isomorphism of C onto a plane cubic 7r(C*); 
b) dimi? = 5, and dim^Ca} R{h,h,h) = 2, where R{h,l2,h) = {C & R \ C intersects 
each one of the lines /i, I2, h in one point}. Thus, since dimjj^g} Hilb(X) = 6, there exists 
C G Cl*{X) \ R intersecting each of the lines h, I2, h in one point, so that vr maps C U C4 
isomorphically onto its image. By construction, CUC4 G Cj*{X). The property of a curve 
in X to be mapped isomorphically onto its image in is open and a general curve in 
C^*{X) is smooth as a deformation of the strongly smoothable curve C3 U C4, so C^*{X)'^ 
is open in Cy*{X), and this ends the proof. □ 

Lemma 2.3. For X general, Cj{X) is irreducible of dimension 14. 

Proof. This is proved in the same way as Lemma 11.31 and Theorem 11.41 First, remark 
that Cj{F^) is an irreducible variety of dimension 28 (see, e.g., [HI Ch.4]), and for any 
Co G C^(P3) we have (Ops © Op3(2))|c7o ^ Oc, © Oco(^), degD = 14, so that /i°((Cp3 © 
0p3(2))|co) = 12. This implies that there exists a rank-12 vector bundle E over C^(F^) 
with fiber E{Co} = ^°((Cp3 © C>p3(2))|co) over Co G C^{F^). Thus C|(F) is a dense open 
subset of Proj(-E) such that the natural projection Cj{Y) C^P^), C p{C), coincides 
with the composition C^{Y) Proj(i?) ^ C|(P'^), where pr is the structure morphism. 
Hence C^{Y) is irreducible of dimension 39. 

Now take any C G Cj{Y) and compute dim \Ic/y ® As in the proof of Theorem 

II. 4[ it suffices to show that /i^(Xqj/p3(4)) = 0. To prove this, take two general cubic 
surfaces Si, S2 through Co (such cubics exist since, by Riemann-Roch, h^{Oco{S)) = 18.) 
There are two possibilities for Si and 5*2 : 1) both Si and 5*2 are irreducible, and 2) both 
5"! and S2 are reducible. We will consider the case 1), the case 2) being treated similarly. 

In this case S'inS'2 = CoUC, where C is a curve of degree 2. We have the following two 
subcases: l.a) C a plane conic, or l.b) C is a pair of two skew lines, possibly coincident, 
that is a double line on a smooth quadric. Consider the scheme Z = Co fl C. One easily 
verifies that xi^^z) = 7 in case l.a) and x(C'z) = 8 in case l.b), and that xi^zm) = 4 
for any line I C C. Thus, in both cases one obtains h^{Iz,C'{4:)) = 0. Then the exact 
triples ^ Jcouc'/p3(4) Ico/f4^) ^ Xz/c;'(4) ^ and -> Op3(-2) ^ 20p3(l) ^ 
2'couc'/p3(4) imply that h^{Ico/ri{'i)) = 0. 

Hence h^{Ic/Y ® C^^) = x{^c/y ® C^^) = 21 and \Ic/y © /:®^| = P^" for C G C^{Y). 
Thus, considering the incidence variety F = {{t, C) & U xC^(Y) \ C C Xt} with its natural 
projections U ^ V ^ C^{Y), we see that P2^"'^(C), is open in \Tc/y ® C'^'^\, so that F is 
irreducible of dimension 59. The remaining part of the proof goes along the same lines as 
the end of the proofs of Lemma [1.31 and Theorem II. 4[ Namely, by Lemma [2.21 (iv), for a 
general double solid X G U, there is a distinguished component Cy*{X) ofp'^^^X) = Cj^X) 
which plays the role of C^*{X), Cl*{X) in the proofs of the above mentioned lemma and 
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theorem. (Remark that, since dimF = 59 = 14 + 45 = dimCj*{X) + dimU, pi : T U 
is dominant.) □ 

2.3. Curves of degree 17 and arithmetic genus 29. In this subsection we construct 
a family Fq of reducible curves C = Ci U C2 of degree 17 and arithmetic genus 29 on X, 
where Ci is a general septic from C^{X) and C2 G 7r*C|(P^) intersects Ci in 13 points, 
and a subfamily Sq C Fq (see ( ITH) ) of curves of the form C = C" U C" U C2, where C" is a 
general quintic from Cl{X) and C" = 7r~^(m), where m is a line in trisecant to vr(C"). 
These two families will be used later, see (1211) and Proposition 12.51 
Let 



M= { {Q,l,Z,Zi) 



Q is a smooth quadric in P^, / a line on Q, Z = 
{2/4, 2/10} a 7-uple of distinct points on Q \ /, 
Zi = {2/1,^2,1/3} a triple of distinct points on / 



and M* = {{Q,l, Z, Zi) G M \ dim | J7zuz,/q(3, 2)| = 1}, where we assume that I is of 
bidegree (0,1) on Q. Clearly, M is irreducible and M* is nonempty, hence dense in M. 
Next, let 

n = {(C, (g, /, Z, Zi)) e Cl{X) X M \ Cf}Q = Z U Zu where C = 7r(C)}. 

It has two natural projections: Cl{X) *^ U M. It is easy to see that 11 is nonempty. 
Indeed, for any C G Cl{X), consider the smooth quintic C_ = vr(C), take any trisecant 
line / of C_ and any smooth quadric Q through / and let Z = C H {Q \ I), Zi = C_n I; 
then, by construction, (C, (Q, /, Z, Zi)) G 11. We can factor pn as 

d) Pn : n ^ C5+2 ^ 

^ ' p': (C, (Q, /, Z, Zi)) ^C'U 7r-i(/), p" : C U C" ^ C", 

and our construction shows that p' is surjective with an irreducible and rational fiber of 
dimension 7. Besides, for C G Cl{X), p"^^{C') is isomorphic to a dense open subset 
of the 1-dimensional family of trisecant lines of the smooth quintic t^{C') in P^. This 
description of the fibres of p' and p" together with ([T]) implies, in particular, that 11 is 
irreducible for general X. 
Now show that 

(2) W:=p'-\Cl^,)r}q^\Kr)^0. 

Choose any C G C\{X) and a trisecant line / of C_ such that C U t^^^{1) G C5+25 where 
C_ = vr(C). Then Zi = C_n I = {a;?,^^,^^} is a triple of distinct points. Through each 
there is, in addition to /, one more trisecant /q of C_, and we denote {3^21+2' ^21+3} — 
^ Q \ {^^i*}, ^ = 1, 2, 3. Since C_ has degree 5, it follows immediately that ^25 ^3 are 
disjoint, hence there exists a unique smooth quadric Qq containing /, /°, I2 and l^. Let 
x^Q be the residual point of intersection of C_ and Q^: C_n Qo = {xi, ...,Xiq}. One can 
easily verify that for sufficiently general I, the 10 points distinct. Denote 

Z° = {X4, ...,Xiq} and let be the line on through x^g in the same ruling as /, say 
\Oq,{0, 1)|. Then |Jzouz,/Qo(3, 2)| = Utji + |Cqo(0, 1)1 - P'- Now consider the triple 

point of Sym'^(/) ~ P^ and take a sufficiently small neighborhood 
U of xq in the classical topology of Sym'^(/) so that for any x = {xi,X2,X3) G U the 
following properties are satisfied: (i) for each i = 1,2, 3, there is a unique trisecant line k 
of C_ passing through Xi and close to /° in the sense that {x2i+2, ^21+3} = kn C_ \ {x^} is 
close to the pair {x2i_^_2, ^21+3} Sym^(C); (ii) there exists a unique quadric Q containing 
I, li, 12,(3 and close to Qo in the space of quadrics; for this quadric, the residual point 
2^10 = n Q \ {xi, ...,Xq} is close to x^q. 
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Denote Zi = {xi,X2,Xs}, Z = {x^, ...,Xio} and let Z4 be the line on Q through xiq 
belonging to the same ruling as I. These data define a point m = [Q, I, Z, Zi) G M. Now 
we will determine the exact sense of the condition that U is sufficiently small: 

(3) |Jzuvq(3,2)|^P^ 

Remark that, by construction, Ui=i + |C'q(0, 1)| C |J7zuz,/q(3, 2)|, so that 
|i7zuZi/Q(3, 2)1 = |Ji=i ^« + I^qIO'I)!- The condition is open and nonempty. So, for 
any xq G Sym^(/), we obtain a point m = m(xo) = {Q, I, Z, Zi) G M* . Then (C, m) G 11*, 
and ([2]) follows. As 11 is irreducible and M* is open in M , this implies that 11* is dense 
and open in 11 and, consequently, 

(4) : n* ^ ^1+2 is dominant. 
Hence ([1]) and Lemma 12.21 (i) show that 

(5) pn : n* Cl{X), (C, (Q, /, Z, Zi)) ^ C", is dominant. 
Remark that, for any C2 G 7r*|i7^uz,/Q(3, 2)|, we have : 

(6) C"UC2G7r*C(3,3)(P'). 
Define, for any given z = (C, {Q, I, Z, Zi)) G 11*, 

Ci = = C" U C", C" = Ti-\l), 

(7) /. = {C2 G 7r*C|(p3) I C2 = T^-\C,), C, G |Jzuz./q(3,2)|}, ^ P^, 

/* = {C2 G /z I C2 is a reduced curve}. 

Clearly, /* is a nonempty open subset of fz- By construction, for any C2 G /*, the curves 
Ci and C2 are reduced and meet each other quasi-transversely in 13 points: 

(8) Ci n C2 = {yi,?/2, 1/3,^1, y2>l/3>l/4> •••> 1/10}, Zi = Tl'^{Zi) = 

= {2/1, 2/2, 2/3,2/;, 2/2, 2/3} = c"nC2, z = in\c)-\z) = {2/4, ...,2/10} = c'nC2. 

Hence 

(9) Co = C" U C" U C2 

is a curve on X of degree 17 and arithmetic genus 29. Remark also that 7r*C5 (P'^) ~ C|(P^) 
is a rational irreducible variety of dimension 20. 
Now consider the incidence variety 

Ci and C2 are reduced and meet eachi 
other quasi-transversely in 13 points J 

with projections Cy{X) ^ T ^ 7r*C|(P'^) and define its locally closed subset S* = 
Pi^ {p' (II*)) . From ([T]), (jlj) and it follows immediately that the natural projection 

(10) := / o : S* ^ CliX), (C U C", C2) ^ C", is dominant. 
Moreover, for -2 G H*, by ([7]) and the description of in ([T]), we have for Ci = p'{z): 

(11) p^^{Ci) is a rational 7-dimensional variety. 

Hence, for general X, S* is irreducible of dimension 17, and there is an isomorphism 

(12) : S* ^ S', [C U C", C2) ^C'U C" U C2, 

where S' = {Cq G Hilb(X) | Co is defined by (ED- ([9]) for some 2 G H*}. In view of ([12]), 
we rewrite ( fTOl) as follows: 

PS' : S' ^ C5^(X), Co = (C U C" U C2) ^ C, is dominant. 

Also, by dSD, we have Im(g2') C 7r*C(3,3)(p3), where gs' : Co = (C U C" U C2) C" U C2. 



r = |(Ci,C2)GC|(X)*X7r*C, 
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Next, looking at the local equations of T in W = Cj{X) x 7r*C5(P^) at a point w = 
(Ci,C2) G S*, we see that the transversal intersection of Ci and C2 in each one of 
the 13 points ([8]) gives one local equation for F in Y; hence, since dim7r*C|(P^) = 20, 
dimp^^Pi{w) > 20 — 13 = 7. Since by flTT]) this dimension is precisely 7, it follows 
that there exists an irreducible component of F, say Fq, which contains w and dominates 
Cj{X) viapi: 

(13) M^)=CfiX)\ 

A * A * 

where the closure is taken in Cj{X) and we use the irreducibility of Cj{X) by Lemma 
12.31 Hence, taking into account the irreducibility of S*, (ITT]) and ffT2|) . we see that 
So = '?/'(Fo n S*) is a dense open subset of S; also, by (ITU]) , the natural projection 

(14) : So ^ Cl{X), Cq = {C U C" U C2) ^ C", is dominant. 

Now consider in Hilb(X) the subset Fo = {C G Hilb(X)|C is a reducible curve of the 
form C = Ci U C2, where {Ci,C2) G Fo}. There is an isomorphism ijj : Tq — > 
Fo, (Ci, C2) ^ CiU C2, similar to f|T2|) . and by construction, 

(15) So C fo. 

2.4. Criterion of Welters. 

Now we invoke the following important technical result of G. Welters [Wet Prop. 6.17], 
giving a sufficient condition for a family of curves to parametrize, via the Abel-Jacobi 
map, a translate of the theta divisor of J{X). 

Proposition 2.4. Let T be a smooth irreducible (not necessarily complete) variety 
parametrizing a family {Ct\t G T} of reduced curves of degree d = k{k + 1) — 3 on X 
with the following properties: (i) The Abel-Jacobi map '■ T J{X) is dominant; (ii) 
for all t E T, the linear system of surfaces \J'ct/x{k)\ has dimension k and the surfaces of 
this linear system do not contain all the lines of X; (Hi) the incidence divisor in T x J-' 
is reduced. Then for any line I G J-', the subvariety of T defined by 

Ti = {t E T \ Ct n I = and Ct U / lies on a surface from |(9x(^)|} 

is sent by the Abel-Jacobi map into a translate of the theta divisor G C J{X). 

Let us construct such a T from the curves introduced in the previous subsection. Con- 
sider the Abel-Jacobi map $f.^ : Fo J{.X) and the induced map 

(16) $0 : To^ f ^ J(X), (Ci, C2) ^ $fo(Ci U C2), 
where 

(17) $f^(CiUC2) = <l>^.(Ci) + <l>.,c|(F3)(C2), CreCf{X)\ C^ G ttT^P^). 
As 7r*C^(p3) ~ C|(P3) is rational, 

(18) $7r*c|(p3) = const, Im($^.c|(p3)) = {c}. 

Hence, taking the closure of the image of the Abel-Jacobi map in J{X) and using (JT3l) . 
f|T6|) - f|T8|) and Proposition (12. ip . we obtain: 

(19) = = c + Im(<|.^. (^ )) = c + lm(<l>^0 

= c + Im($c|(x)) = c + J(X) = J(X) , 
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that is the Abel-Jacobi map : Tq J{X) is dominant. Now, consider the Abel-Jacobi 
map $So : — J{^)- As 7r*C(3^3)(P^) is rational, Im($^.C(3 ^^(ps)) = {c'} is a point, and 
we obtain from (JT4l) : 

(20) Im(<l>So)=Im(<l>ci(x)) + c'. 

Now let 0" : T fo be any desingularization of fo. Using (fT5|) . define 

(21) S C cr^^(So), an irreducible component of cr^"'^(So) such that a : S ^ Sq. 

Consider the Abel-Jacobi maps $t = ^f^, o a : T ^ -'^(-^) and $s = $So o a : S ^ J{X). 
Then ([20D gives 

(22) Im(<l>E) = Im($ci(x)) + c'. 
We obtain the following proposition: 

Proposition 2.5. For X general, there exists a smooth irreducible variety T parametriz- 
ing some family of curves of degree 17 and arithmetic genus 29 such that: (i) the Abel- 
Jacobi map $T : T — J{X) is dominant; (ii) T contains the subset S, defined by ([HP 
and satisfying ( fll|) . such that the curves Ct for t G S split into three components as in 
fM)-^; (Hi) the incidence divisor V = {(C, /) ETxJ^\Cr\l^0}, endowed with its 
natural scheme-theoretic structure, is reduced. 

Proof, (i) and (ii) follow from (fT9!) and (!22|) . Let us prove (iii). There are 6 distinct 
lines, counted with multiplicity 1 in JF, which pass through a general point of X. So, it 
is sufficient to show that there exists a curve C from T which passes through a general 
point of X: in this case, Vq is a reduced 6-sheeted covering of C, and hence V is reduced. 
But this is clear, since by the construction of S, the components of the reduced curves 
Co G S sweep all of X as Cq runs through S. □ 

We proceed now to the proof of the remaining hypotheses of the Welters criterion for 
our family T. 

Lemma 2.6. Let X be a general quartic double solid. Then the following assertions are 
verified: (i) For any C G E, h^{Jc/x{.^)) = 5; (ii) for a general (hence any) line I G JF 
such that C n I = , there exists a surface S G |(9x(4)| containing C U /; (iii) for general 
C G S, the surfaces of the linear system \ J'c/x{^)\ do not contain all the lines of X . 

Proof, (i) Let C G S. By the definition of S we have C = CiU C2, where Ci G Cl{X), 
71 : Ci ^ C_i := 7r(Ci) is an isomorphism, C2 = '^^^{C_2), where Cg G C(3^3)(P^), and Z := 
Ci n C2 = {yi, ...,yio} is a subset of the 13-uple of points ([8]). This means, in particular, 
that Q2 li^s in a uniquely defined quadric, say Q. Let Zq := 7r(Z), deg(Zo) = deg(Z) = 
10. Since by construction D Q D Zq (as schemes) and deg(C^ fl Q) = 10 = deg(Zo), 
it follows that, scheme-theoretically, Zq = C_^n Q. Using the fact that Oq{C_2) = ^qI^), 
we get the following exact triple: 

(23) ^ Jquc,/p3(4) ^ jrc,uc,/p3(4) -> Oq{1) ^ 0. 

Let S* C be any smooth cubic surface passing through C^. We have the exact triple 
Jqus/V^ JquC2/p^ J{snQ)yjcjs 0. Here J{snQ)vjcjs - Os{-2){-C_^), because 
S is smooth, hence twisting by Op3(4), we obtain: (9p3(— 1) JguCa/P^l^) 
Cs(2)(-Ci) ^ 0. One easily verifies that the natural map H^{Os{2)) H\Oc^{2)) is 
surjective, so that h^{Os{'2,){—C_i)) = 0. Besides, h^{0]p3{—l) = 0. Hence the last triple 
implies /i^(j7Quc;i/p3(4)) = 0. This together with (|23|) and the equality /i^((9q(1)) = 
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gives h^{Jc^ijc^/ri{'^)) = 0. Hence the exact triple Jc^ucjp^iA) Jcj¥3{A) ^ 
Jzo/c^i.^) ~^ yields the surjectivity 

(24) H'^iJcM'^)) H\Jz,,cM))- 

Now, since vr : Ci — > is an isomorphism, we have 7r*j7z/Ci(4) — i7zo/Ci(4), 
which provides the exact triple Jzo/c_S^) ~^ 7r^C'c(4) — ix^^Ocii^) 0. Hence 
h^iji^Oc^^)) = x(C'c(4)) = 40. Next, consider the natural restriction map g : 7r^Ox(4) 
-n^Oc{^) 7r*C'c2(4)- Here ker((7) = n^Jc^/xi^)^ so passing to the map on global sec- 
tions / : H\ti,Ox{^)) H\tx,Oc{A)), we obtain: coker(/) = co\iei{H\Ti,Jc,/x{^)) ^ 
H°{Jzo/c^{^)))- By the projection formula for vr, we have 7r*Jc'2/x(4) = tt^tt* J^2/p3(4) = 
Jc,M4^) © Jc,/M'^), and the composition H^^iJc^/P^A)) ^ H^-n^Jc/xi^)) ^ 
H^iJ^Zo/c (4)) coincides with the surjective map fl24l) . so coker(/) = 0. Hence the 
equalities V(7r,Cc (4)) = 40 and /i°(Ox(4)) = /i°(Op3(4)) © h^{Op3{2)) = 45 imply that 
H'iJc/xm = H'{7c,Jc/xm = ker(/) = C^. 

(ii) Take a cubic surface F containing and write C_2 = ^ where Q is a general 
quadric. Then Ci U C2 C it~^{F). Take a general plane in and a line / in the del 
Pezzo surface 7r~^(P^) which does not meet Ci U C2. Clearly such I exists for a general 
choice of P^ Then S = 7t-'^{F U P^) G |Cx(4)| is the desired surface. 

(iii) This is a standard dimension count. One embeds C into Y and considers the linear 
system L = \J'c/y ® Oy/f^{2)\. From (i), we deduce that dimL = 5. Take now a line 
I G Y, mapped by p isomorphically onto a line in P^. If it is sufficiently general, then 
there exists a unique smooth X E L containing /; this X is the wanted double solid, and 
the lemma is proved. □ 

We are ready now to prove the main result of this section: 



Theorem 2.7. lra{^c}{x)) = © + const. 

Proof. The family T constructed in Proposition 12.51 satisfies the hypotheses of Proposition 
12.41 with k = 4. According to Lemma [2.6[ for general / G JF, we have Ti D S, where we 
replace S by a nonempty open subset, if necessary. Hence Proposition 12.41 and fl2^ imply: 



(25) Im($ci(x)) C 6 + const. 

To prove the opposite inclusion, let us recall a well known description of the image of 
the differential of the Abel-Jacobi map (see, e.g., \We\ (2.11.0) and (6.19)]), in applying 
it specifically to the map $ := $cJ(x) • ^li^) ~^ Take any unobstructed quintic 

C G Cl{X), so that TcCl{X) = H%Nc/x) = C^". Assume, moreover, that C ^ and 
denote Cq = vr(C), Zq = 7r(C fl W), where W is the branch quartic of X. Consider 

the composition : C^o = TcCl{X) ^ T^^c)J{X) ^ ToJ(X) ~ (ifO(Cp3(2)))^. 
Then the kernel of the dual map 0^ is described as follows: Ker(0^) = Ker{C^° = 

ijO(Op3(2)) — ^ ^°(Oco(2)) — ^ i/°(0zo(2))}, where rc„ : ^3(2) ^ Oc,{2), 
rzo '■ C^Co(2) — > C^Zo(2) are the restriction maps, and Im0 is the orthogonal complement 
of Ker(0^). By definition, Cq is an elliptic quintic in P^, hence it does not lie on a 
quadric, so if°(rco) is an isomorphism, and Ker(if°(r^g)) ~ H^{Oco) — as follows 

from the exact triple ^ Oco ^ e'en (2) ^ C'zo(2) ^ 0. Hence dimKer(0^) = 1 and 
dimlm$ = 9. This together with (l25l) and the irreducibility of (see |Wej ) implies the 
wanted assertion. □ 



3. Pentagons on a degenerate double solid 



3.1. Degeneration into a pair of P^'s. 
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In this section, we will use the technique of degeneration of the double solid into a 
reducible variety, developed by Clemens in |C-lj . |C-2j . Let tt : X — >A be a family of 
double covers iCt : Xt — ^P^ branched in the quartics Wt = {tF + = 0} C (t e A), 
where A is an open disc in C, the equation F = defines a smooth quartic W and G = 
a smooth quadric Q such that W (IQ = B is a. smooth octic curve. For t G A* = A \ {0}, 
the fiber Xt is a smooth double solid, and for t = a union of two copies of P^, say P', P", 
meeting each other transversely along Q. 

One can associate to tt the compactified family — >A of Fano surfaces, whose fiber 
J-'t over t 7^ parametrizes lines in Xt, and the Neron model J — >A of the family of the 
intermediate Jacobians Jt of the threefolds Xt. The compactifications of both families 
are described by Clemens. Namely, J-'q is the union of two components J-"' U J-"", where 
J-"' (resp. JF") parametrizes the bisecant lines to C in P' (resp. P"). As follows from a 
remark of Clemens on p. 211 in |C-lj . the fiber J-'q is acquired in the family ^/A with 
multiplicity 1. The lines parametrized by that is, the bisecants to C in either one of 
the two copies of P^, will be called lines in Xq. The Neron model J is a family of abelian 
Lie groups such that the fiber Jq over t = is the union of two components J~^, J~ , both 
isomorphic to a C*-extension of the Jacobian J{B) of B. The Neron model has a natural 
compactification J, obtained by pasting in two copies of J{B), so that the central fiber 

Jo is the union of two components J which are both P^-bundles over J{B) and which 
meet each other transversely along two disjoint sections of the P^-bundles. 

In |C-2] ■ Clemens studies the family of sextics of genus 3 in the varieties Xt. We will 
treat in the same way the one of elliptic quintics. 

Let H — >A be the subscheme of the relative Hilbert scheme Hilb(X/A), such that 
the fiber Ht over t 7^ is the component of Hilb(Xt) whose generic point represents an 
elliptic quintic in Xt, and the points of Hq, the fiber of H over t = 0, represent the curves 
which are limits of elliptic quintics in as t ^ 0, that is, H is the closure of IJteA* 
in Hilb(X/A). Let A — ^A, s 1— > t = s^, be some base change and Cs G a family of 
curves in X^e which are smooth elliptic quintics for s 7^ 0. Their images C_g = 7ft{Cs) C P'^ 
are elliptic quintics which are totally tangent to Wt. Each Cg for s 7^ defines a unique 
K3 surface S{Cs) G |(9xt(2)| such that Cg C S{Cs), where we denote by Oxtik) the sheaf 
Txl{OfA{k)). The image Tit{S{Cs)) is a quartic S{Cs) in P^, containing C_g and tangent to 

Wt along the curve S{Cs) f^Wt, so that TXt^{S{Cs)) is the union of two components: S{Cs) 
and iS{Cs), where i denotes the Galois involution of nt. For s = 0, there is a unique limit 
quartic in P^, possibly singular, which we denote by S{Cq). So the family S{Cs) extends 
over s = with fiber S{Cq) ~ S{Cq) lying in one of the two components P', P" of Xq, and 
the limiting curve Cq lies entirely in P' or in P". As remarks Clemens, a component of 
Co of degree d which does not lie in Q = P' H P" has to meet B = W r\ Q m 2d points 
counting multiplicities, because otherwise the deformed curve C_g for small s will not be 
totally tangent to Wt, which is absurd. We will call such components 2d-secants to B. 

Let H' , resp. H" be the subset of Hq consisting of the curves C C Xo such that: 
(1) C is smoothable in Xo, (2) C^^a has no components contained in Q, and (3) all the 
components of C lie in P', resp. in P". Denote = H' U H" . 

As jFo is a reduced fiber of !F, there exists a local analytic family of lines It G J^t near 
t = 0, and we can use bit as the section of reference curves for the definition of a relative 
Abel-Jacobi map a = ckh '■ H — >J. According to [C-lj . Sect. 8, ol extends as a regular 
map to all of C Hq, and the image of H' (resp. H") lies in one component J' (resp. 
J") of the smooth locus Jq = U J~ of Jo (thus, J' = J+ or J~, and J" may a priori 
coincide either with J', or with the other component of Jo). If we consider the composition 
of cx.\ho with the natural projection rj : Jq — >J{B), we obtain the following description 
modulo a constant translation by a fixed divisor on B depending on the choice of the 
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reference point: 0(C) is the class of B ■ C considered as a degree-10 divisor on B. In 
particular, H' dominates J{B) via if and anly if H" does. 

We will use these considerations to prove the following proposition. 

Proposition 3.1. Let tt : X — >A be a family of degenerating quartic double solids as 
above which is generic, that is, F and G are generic. Then there exists a morphism 

a. = ctu : H \ A — ^ J 

over a possibly shrinked disc A, where A = Hq \ is a proper closed subset of Hq, such 
that the following properties are verified: 

(i) The restriction at : Ht — >Jt of ex. to any fiber Ht with t E A* is, modulo a constant 
translation in Jt, the Abel-Jacobi map of Ht. 

(a) The generic fiber of at for any t E A is the union of finitely many copies of 
corresponding to elliptic pencils in the K3 surfaces S{Ct). 

(Hi) The closure D ofa{'H.\A) is a relative divisor in J over A, that is Dt = Dn Jt is 
a divisor in Jt for every t E A, and Dt is a translate of the theta divisor of Jt if t E A* . 

(iv) The smooth locus Jq of the central fiber Jq of J consists of two components J^, and 
only one of them, say J', contains ao{H'^). Moreover, ao(i^°) = ao{H') = ao{H") C J'. 

(v) ao{H^) is a section of the natural projection J' — ^J{B) over an open subset of J{B). 

Proof, (i) and (ii) follow from the above dixcussion, (iii) is a consequence of Theorem 12. 7[ 
To prove (iv) and (v), we will use the characterization of the divisors in Jq which can be 
limits of a family of principal polarizations in the neighboring fibers Jt, given by Clemens 
in |C-2] . (4.2.1)-(4.2.2). It states that: 1) only one of the irreducible components of Dq, 
say D', dominates J{B), and 2) if J (e = + or — ) is the component of Jq containing D', 
then D' is a section of the natural projection J — ^J{B) over an open subset of J{B). 

As we have remarked, H' dominates J{B) via (f) if and only if H" does. Hence, if we 
assume that H' dominates J{B), then aQ{H') and aQ{H") both dominate J{B), hence 
J' = J" and ao{H') = aQ^H") is one and the same rational section of J' — ^J{,B). 

It remains to see that H' dominates J{B). This follows from the fact that for generic 
W, Q and for a generic 10-uple of points Z in B = W H Q, there is at least one elliptic 
quintic in passing through Z (see Corollary 14. 5p . Alternatively, one can prove, by an 
argument similar to that of Clemens on p. 97 of [C-2j . that the adherence values of ck 
along A project to a proper closed subset of J{B), and thus at least one of the components 
of i^o \ ^ = -f^' U H" has to project to a rational section of J — >J{B). □ 

3.2. Deforming pentagons from Xq to Xf 

We want now to prove that the fiber Hq is reduced at a generic point of H'. To this end, 
we will construct a local cross-section of the projection H — in the neighborhood of 
taking its values in the subschemes of Ht parametrizing cycles of five lines, or pentagons 
inXt. 

Definition 3.2. Let X be a quartic double solid. A pentagon in X is a reducible curve 
r = |Ji=i "where ii are lines in X such that iidii+i ^ (addition of subscripts modulo 
5). If ii meets quasi-transversely at one point and these are the only intersection 
points of ii, ij {i 7^ j), we will call V a good pentagon. 

Consider the 5-uple fibered product of ^ with itself over A: 

Y = = :f xa :f xa :f xa :f xa :f 

Let Yt denote the fiber of Y over t G A and Dj the subvariety of Y parametrizing 
the 5-uples {ii, ... ,£5) of lines in the Xt defined by the incidence relation ii fl ii^i 7^ 
(i = 1, . . . , 5, 5 + 1 = 1). Then the variety parametrizing all the pentagons in Xt, t G A 
can be represented as the intersection S := ni=i ^j. 
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Proposition 3.3. Let the quartic W and the quadric Q defining the family X — >A he 
generic. Let Sq he the fiher ofS over t = 0. Then there exists a component o/Sq, such 
that its generic point y represents a good pentagon in Xq whose five vertices are not in Q, 
the 6 suhvarieties Yq, Di, . . . , D5 are nonsingular at y and their intersection is transversal 
at y. 

Proof. It suffices to prove the assertion for a special yo G Yq and a special degenerate 
quartic W. Choose for yo the pentagon IJi=i 5 where £° = PiPi+i (addition of subscripts 
modulo 5), Pi = (1 : : : 0), P2 = (0 : 1 : : 0), P3 = (0 : : 1 : 0), P4 = (0 : : : 1), 
P5 = (1 : 1 : 1 : 1). Let W be the union of 4 planes 11^, k = 1, ... ,4, where Hi = 
{S3-AX4 = 0}, 112 = {xi-fiXi = 0}, Ha = {xi-iyx2 = 0}, 114 = {xi-xs-r]{x2-xs) = 0}, 
and Q a generic quadric passing through the two points A? = 112 fl ^5 and A2 = II3 H 
so that C = W n Q is the union of 4 conies Ck = 11^ fl Q, k = 1, ... ,4. An affine 
neighborhood of yo in Y can be parametrized by 11 rational functions t, mi, wi, . . . , M5, fs, 
where [ui, Vi) for i = 1, . . . , 4 are affine coordinates in the plane parametrizing lines in 
Hi, and M5, V5 are the parameters representing G C2 and A2 G C3 respectively. Writing 
out the linearized equations of Dj at yo (depending on A, /i, z/, rj and two more constants 
defining tangent directions of C2, C3 at A^, A2), one immediately verifies that they do not 
depend on t and are linearly independent as soon as/X7^0,i/ — /X7^0,i/ — It^O, which 
ends the proof. □ 

3.3. Smoothability of good pentagons. 

Now we will check that the good pentagons can be deformed into elliptic quintics. 

Proposition 3.4. Under the hypotheses and in the notation of Proposition \3.3[ there 
exists a local cross-section A — >-H, t y{t), over a possihly shrunk disc A, such that 
yo G H' and the corresponding curves Ty(^t) C. X{t) are good pentagons, strongly smoothahle 
into elliptic quintics in Xt for all t E A. 

Recall that Fq = F is called smoothahle if there exists a flat family of curves F^ such 
that its generic member is smooth. If there exists such a deformation whose base and 
total space are both smooth, then Fq is strongly smoothahle. 

Proof of Proposition \3M As above, we specialize our family X — >A to the case when 
C is the union of four conies Ci. Let F = U-=i ^° be a good pentagon as constructed in 
the proof of Proposition 13.31 

The following lemma is proved by a standard application of the techniques of |HH] . 

Lemma 3.5. The Hilhert scheme of Xo = P' U P" is smooth of local dimension 20 at F. 

Now we will impose on the curves parametrized by Ililb(Xo) the incidence conditions 
with the four conies Cj. 

Lemma 3.6. In the situation of Lemma \3.5[ let Uq he the locally closed suhset o/IIilb(Xo) 

whose points represent the curves meeting transversely C at 10 points. Then the point yo 
representing T is a smooth point of Uc, dim^^ Uc = 10, and the generic point of the 
component of Uc contaning yo represents a nonsingular curve in P'. 

Proof. By Lemma [375| yo is a smooth point of Ililb(Xo). It has a neighborhood U consist- 
ing only of smooth points and contained entirely in Ililb(P'). Let P C P' be any reduced 
curve meeting F transversely at r points Xi, . . . ,Xr which are nonsingular both on P and 
on F, and let for z = 1, . . . , r denote the point of P(A/r) corresponding to the direction 
of the branch of P passing through Xj. Denote by elm^^ ^r-^r the negative elementary 
transformation of the normal bundle A/r w.r.t. the (see |HH] ). Let Up G U he the 
locus of curves meeting P transversely at r distinct points and represented by elements 
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of U. Then Up is smooth at yo if /i^(r,elm^^^ ^^^A/r) = and in this case we have for the 
tangent space TyJJp = if°(r, elm^^^ ^^^A/r) (see |Ranj . Remark 5.1). 

Let us apply this observation to F = C = IJi=i^«; ^ — Ci H ii = {x2i-i, X2i}, 
i = 1, . . . ,5. Let Af = elm^^ Cio-^r- We have A/r|£. — 2(9(2) for any i. As the branches 
of C passing through X2i-i,X2i he in one plane for each i = 1, ... ,4 and they do not 
for i = 5, we have Af\e^ ~ O © 0(2) for z = 1, ... ,4 and A/l^ ~ 2(9(1). This easily 
implies that /i°(A/') = 10, h^l^/) = 0. It remains to prove that F is smoothed out by 
a generic deformation inside Uc- It suffices to show that the natural map TyJJc — >T^. 
to the Schlesinger's space is surjective for any i = 1, . . . , 5, where pi = fl fj+i (the 
addition of subscripts modulo 5). This can be done in the same way as in the proof of 
Theorem 4.1 in |HHj . □ 

Now we go back to the proof of Proposition 13. 4[ By Proposition 13.31 we can find a local 
cross-section of E representing a fiat family of good pentagons in the varieties Xt, whose 
fiber over is a good pentagon in P'. By the universal property of the Hilbert scheme, 
this family is induced via a cross-section A — s>IIilb(X/A) over A, which we will denote 
hj t \—>- y{t). It suffices to show that yo G H' . We have verified in Lemma 13.61 that a 
good pentagon F in P' becomes strongly smoothable when C is specialized into a union 
of four conies. By the semi-continuity of /i*(A/'), and because the surjectivity of the maps 
H^{J\f) — >Tp. is an open condition, a generic good pentagon in some component of good 
pentagons in P' is strongly smoothable for generic X — ^A. In fact, we do not check that 
the family of good pentagons in P' is irreducible, so we are speaking here about one of its 
components. 

As F is a connected curve of degree 5 and arithmetic genus 1, so is its smoothing, hence 
it is an elliptic quintic in P'. By construction, it meets C transversely at 10 points and is 
an element of H'. This ends the proof of Proposition 13. 4[ □ 

This immediately implies 

Corollary 3.7. With the same assumptions as above, there is a component of H' which 
is acquired with multiplicity 1 in the fiber Hq o/H — ^A. 

We will prove in Section H] that H' is irreducible, hence H' and H" are irreducible 
components of Hq acquired with multiplicity 1. 

4. Elliptic quintics through ten points 

4.1. Elliptic quintics, 10-secant to B = W HQ. 

We are going to prove the irreducibility of the subscheme H' of Hilb(Xo) introduced in 
Sect. [3H 

Lemma 4.1. Let Q (resp. S) be a generic quadric (resp. quartic) in and B = Q (1 S . 
LetCl[B]io C Cl{F^) be the base of the family of elliptic quintics meeting B in a subscheme 
of length 10. Then CI[B]iq is irreducible. 

Proof Let P^^ be the space of quartic surfaces in P^, T = {{S,C) e C|(P^) x P^^ | C c ^} 
and p34 4^ r ^ Cl{F^) the natural projections. Any C E C5 (P^) does not lie on a quadric, 
hence the restriction map H'^{Op3{2)) if°((9c(2)) is bijective. Then h^(Ic/F3{2)) = 
and a fortiori /i^(X(7/p3(4)) = 0, which implies /i°(Jc/p3(4)) = 15. Hence P2^iC) ~ P-*^^, 
and as Cl{F^) is irreducible of dimension 20, F is irreducible as well and dimF = 34. 
Moreover, denoting C|(p3)* := C^P^) \ Sing(C5i(p3)), F* = p^\Cl(F^)*), we see that F* 
is smooth and is a projective bundle over Cl{F^)*. 

Next, a general quartic S in P2^iC) is smooth for general C E C5(P^). Hence D = pi(F) 
is irreducible. Besides, for any smooth quartic S = pi{S,C) E D the fibre Pi^{S) is a 
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dense open subset in |(95(C)| ~ P^; hence dimD = 33, i.e. D is an irreducible divisor in 
P^l Moreover, pi : T ^ D is a smooth morphism of relative dimension 1. 

Let D be the closure of D in P^^. We will prove that codim;^Sing D > 2. In fact, if 
codim;^ Sing^ = 1, i.e. dimSingD = 32, then Pi{p2^{C)) n SingD = P^^ n Single 7^ 
for any C G C5(P^)*, hence, by the smoothness of pi|r*, P2^{C) D SingT* C P2^iC) H 
Pi^ {Sing D) 7^ 0, which contradicts the smoothness of T*. 

Now let C2.4(P^) := {C G Hilb(X) | C be a smooth complete intersection curve of a 
smooth quartic surface and a smooth quadric surface in P^}. Clearly, C2.4(P^) is a smooth 
irreducible variety of dimension 33. Let U be the open subset of smooth quartics in P^^, 
n = {(C,F) e C2.4(P^) X P34 I C c F} and C2.4(P^) 4^ H ^ P^^ the projections. One 
immediately verifies, using the resolution Ops (—2) — > Cp3(2) © Ops — > Xc/p3(4) — 
for C e C2.4(P^), that /i°(Jc/p3(4)) = 11. By the definition of C2.4(P^), a general quartic 
in gf^(C) is smooth, hence gf^(C) is an open subset in P-*^*^ = P(if°(Xc/p3(4))). Thus, n 
is irreducible of dimension 43. Moreover, for any {C,S) G H, we have {C,S) E q2^{S') 
with S' e U, and g^^(>S") is an open subset in \Os'{C)\ = \Os'{2)\ ~ P^ consisting of 
smooth curves. Clearly, D' := U H D ^ and D' is open in D, hence Du := q^^^D') is 
an irreducible divisor in n. 

Let us look now at the general fiber of := gi|-Dn : -Dn — ^ C2.4(P^). Let LI be the 

closure of LI in C x P^^ with natural projections C ^ LI P^*^, where C is the closure 
of C2.4(P^) in Hilb(p3), and = q2^{D). Let Z cD be the subset of D which consists 
of reducible quartics, codim^^^ > 11, D* = D \ Z, := g^^(Z)*). For any S e D*, 
\Os{2)\ ~ P^ lies in C. Hence q2\D^ '■ — > is a projective bundle with fiber P^, 
in particular, it is a smooth morphism of relative dimension 9. By construction, the 
fiber of q^ = qi\D : Du C over any C E C2.4(P^) is a divisor in qi^{C) = P^'^ which 
contains qjj^{C) as an open subset. Assume that q^^{C) is reducible. Then its closure 

q~j^{C) is also a reducible divisor in P^°, hence it has singularities in codimension 1. Since 
C E C2.4(P^) is smooth, codim;^^ SingDn = 1- As codim;jjZ > 11, codim^)* SingZ^n = 1- 
Hence, since q2\D^ '■ D* is a smooth morphism, codim/j. SingD* = 1 and a fortiori 

codim;jj Sing D > 2, which is absurd. 

Thus, for general C E C2.4(P^), both g^^(C) and ^^^(C) are irreducible. The generic 
quartic S from q^^(C) is smooth and contains a unique pencil of elliptic curves, and 
these curves belong to C5[-B]io, where B = Q n S, Q being the unique quadric containing 
C. Conversely, taking B as in the hypothesis of the lemma, any smooth elliptic quintic E 
meeting B in 10 points lies in a generically smooth quartic surface S through B, i.e. such 
that {B,S) E q'niB), and varies on 5 in a pencil. Hence we have a fibration H' qj^ (C) 
with an open subset of P^ as a fiber. This implies the irreducibility of C5[i?]io. □ 

Corollary 4.2. Let Q G be a smooth quadric surface, W G a generic quartic, 
B = Q n W . Then the subscheme H' (resp. H" ) o/Hilb(Xo) introduced in Sect. \3.1\ and 
C5[i?]io contain isomorphic dense open subsets, hence H' (resp. H" ) is irreducible. This 



implies, by Corollary 3. ?, that the fiber Hq o/H over t = is reduced at the generic points 
ofH' and H" . 

4.2. 42 elliptic quintics through 10 points 

Let U be the open subset of the smooth locus of Hilb P^ parametrizing elliptic quintics. 
There is a universal family C G U x F"^ over U with projection pc : C ^ U . Consider the 
10-th relative symmetric power S := Sym^°(C/t/) of C over U with projection p : S ^ U 
and fiber p-^{{C}) = Sym^^C. Thus S is a smooth irreducible variety of dimension 30. 
We can embed it into U x Hilb^°P^: 

S = {{{C}, {Z}) I {C} E U, {Z} E Hilb^°p3 and Z C C as a scheme}, 
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and we have a natural projection /i : iS — Hilb^'^ P^, ({C}, {Z}) {Z}. There exists at 
least one quintic from the closure of Cl{F^) passing through 10 distinct points in P^, and 
for a general 10-uple of points, the number of such quintics is finite and they are smooth. 
In fact, we have: 

Lemma 4.3 (E. Getzler, |Ge] . Table 2). For a general 10-uple Z of points in P^, there 
are 42 elliptic quintics passing through Z . 

Denote by H^'^ the component of Hilb^° P^ containing a 10-uple of distinct points. It 
follows that H := fi{S) is an open subset of H^^ and that fi : S ^ H is generically finite 
of degree 42. We need to replace in the above lemma "a general 10-uple Z of points in 
P'^" by "a general 10-uple Z of points in a smooth quadric Q C P^" , that is, we should 
prove that the 10-uples of points lying in smooth quadrics form a divisor in H which is 
not contained in the branch locus of /x. 

Let D = {({C}, {Z}) e S \ Z = CnQ for some quadric Q in P^}. Clearly, D is a 
divisor in S, and for any {C} G U, 

(26) Dnp-\{C}) = {{Z} e Sym^^C | Oc{Z) = Op3(2)|C} = {|Op3(2)|C|} ~ P^ 

As U is irreducible, D is irreducible by fl26l) . hence so is B := fJ.{D). It is easy to see that 
i? is a divisor. Indeed, for any smooth elliptic quintic C in P^ and for any Z e 10(7(2)1, 
there is a unique quadric Q passing through Z, so dim 5 = 29. 

Proposition 4.4. Let R G S be the ramification divisor of fi. Then we have: (i) D is 
not contained in R, hence fi : S H is etale in a general point of D. 

(a) /i is an etale covering over an open subset V of H such that B (IV ^ 0. 

Proof. First we show that (i) implies (ii). For a general 10-uple of points Z on a general 
smooth quadric Q, there exists a quartic surface passing through Z and intersecting Q 
in a smooth curve, say Cq. Further, by Corollary 14.21 the set of all the elliptic quintics 
meeting Co in 10-uples of points is irrreducible. Hence (/i~^(Sym^°(Co)))red is irreducible. 
Hence /i has the same ramification indices in all the points of ^~^{Z), where {Z} E B is 
the above general point of B. But according to (i), /x is unramified in at least one point 
of /i~^(Z). Hence fi is unramified, that is etale, in all the points of ^~^{Z). 

Let us prove (i). A pair {Z, C) is a ramification point of /i if and only if C has infini- 
tesimal deformations which fix Z, that is, h^{N'c/¥^ ®'^z) 7^ 0. But if Z lies on a quadric, 
TVc/pa ®Tz ^ A/'c/p3(-2), and /i°(A/'c7/p3(-2)) = by [EL] (see also Theorem (VIII.2.7) 
in [Hu|). □ 

The following statements are obvious corollaries of what we have proved: 

Corollary 4.5. Let Q C P^ &e a smooth quadric surface. Then there are 42 elliptic 
quintics in P^ passing through 10 generic points of Q. There are also 42 elliptic quintics 
in P^ passing through 10 generic points on the curve B = Q r\W for a generic quartic 
surface C P^. 

Corollary 4.6. Let ao : H' U H" — yj^ be the map introduced in Proposition \3.1\ (ii). 
Then the number of copies ofW^ in the generic fiber of oq is equal to 84. 

As H' U H" contains all the elliptic quintics which are the limits of elliptic quintics from 
the neighboring fibers, we deduce from Corollaries 14.61 and 14.21 that the number of P^'s 
in the generic fiber of at is 84 for all sufficiently small t G A. This implies the following 
result. 

Theorem 4.7. Let X be a general quartic double solid. Then the generic fiber of the Abel 
Jacobi map ^c}{x) '■ ^li^) — + const is a dense open subset in the union of 84 copies 
ofF\ 
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5. Vector bundles 

Let X be general, so that Cl{X) is irreducible. Let C G Cl{X). The Serre construction 
allows us to define an Ox-sheaf £c as an extension of Ox-sheaves: 

(27) ^ Ox(-l) ^Sc^ Jc/x{l) ^ 0. 

Any such extension is determined uniquely up to an isomorphism by a 1-dimensional 
subspace of the group Exti( Ox(-l)) - H%£xt\Jc/x{l),Ox{-l))) ^ 
H^{£xt^{Oc(X),Ox{,-l))) ^ H^{Sxt\Oc,uJx)) ^ H^uc) ^ C (we are using 
h^Ox{—'^) = 0, i < 3, and uc — Oc)- Thus £c is determined uniquely up to an 
isomorphism by C . Besides, by a well known property of the Serre construction, the local 
triviality of 8xt^{Jc/x{^)-, Cx(— 1)) — implies that 8c is locally free. 

From (!27|) . one easily computes the Chern classes: 

ci(£c)=0, C2(^c)=3 

(here we understand C2 as an element of the group Bi of classes of algebraic equivalence 
of 1-dimensional cycles on X, generated by the class of a line on X). As tt : C — > 7r(C) 
is an isomorphism onto a quintic '/r(C) that does not lie in a plane and H^{Ox{^)) = 
7r*i7°(Op3(l)), it follows that H^{Jc/x{l)) ^ i/°(X(c)/p3(l)) = 0. Hence the triple (EZD 
gives hP{£c) = 0. This means that £c is Gieseker stable (see |MT-lt Prop. 2.6]). Thus, 
denoting by Mx(2;0,3) the Gieseker-Maruyama moduli scheme of stable rank-2 vector 
bundles on X with Chern classes ci = 0, C2 = 3, we have [£c\ € M(2;0,3), where 
[£] stands for the isomorphism class of £. Remark that the equality h^{Jc/x{'^)) = 1 
immediately implies K'^Jc/xiX)) = 0, i > 0; hence by flTTI) also 

h\£c) = 0, i > 0. 

Let M = {[£] E Mx(2; 0, 3)| h^{£) = 0, i > 0}. By semicontinuity, this is an open subset 
of Mx(2; 0, 3) containing [£c\- Let M be the irreducible component of M containing [£c\- 
We have a natural map 

f:Cl{X)^M, C'^[£c']. 

It is a standard matter to show that / is a dominant morphism (see |MT-lt Lemmas 5.2 
and 5.3]), whose fibre f-\f{C')) is open in P{H%£c'{l)) ~ P^: 

/-i(/(C")) = P\ C'eCliX). 

The closure is taken in Cl{X), and we keep in mind that, by Riemann-Roch, h^{£c>{l)) = 
2, since by the definition of M, h'{£c'{l)) = 0, i > 0. The equality /i°( Jc;'/x(2)) = 1 
means that the linear series \J'c'/xi'^))\ consists of a unique K3 surface S{C'), and by 
Serre construction, the fibre f~^{f{C')) = is just the pencil of elliptic curves on S{C'), 
which are nothing else than the zero loci of sections of £c'{^) '■ 

(28) f-i{f(C')) = \Osic'){C')\=f>\ 

Now consider the Stein factorization of the Abel-Jacobi map $ = ^cl{x) '■ ^bi^) ~^ 
0+const. Using the above description (!28l) of fibres of / and the well-known interpretation 
of the differential of the Abel-Jacobi map in terms of the branch quartic of tt : X ^ P^ 
(see the end of Section[2l or |T-ll Corollary 1], or \Wei Prop. 2. 13]), we obtain the following 

Theorem 5.1. Let X be a general quartic double solid. Then there exists a quasi-finite 
dominant morphism g : Mq ^ B + const of degree 84 from an open part Mq of the above 
component M of the moduli space Mx(2; 0, 3) to a translate of the theta divisor of J(X) 
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which gives the Stein factorization of the Abel-Jacobi map $ of Cl{X): 



(29) Cl (X) e + const 





Mo 

The fibers of f : Cl{X) Mq are open subsets o/P^. 
The proof is similar to that of Theorem 5.6 in (MT-lj . 
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